Abstract-The problem of tsunami wave shoaling and runup in U-shaped bays (such as fjords) and underwater canyons is studied in the framework of 1D shallow water theory with the use of an assumption of the uniform current on the cross-section. The wave shoaling in bays, when the depth varies smoothly along the channel axis, is studied with the use of asymptotic approach. In this case a weak reflection provides significant shoaling effects. The existence of traveling (progressive) waves, propagating in bays, when the water depth changes significantly along the channel axis, is studied within rigorous solutions of the shallow water theory. It is shown that traveling waves do exist for certain bay bathymetry configurations and may propagate over large distances without reflection. The tsunami runup in such bays is significantly larger than for a plane beach.
Introduction
Entry of sea waves into narrow bays, such as fjords, and river mouths usually leads to an intensification of wave regimes, which is well-known by various photos of tidal and tsunami bores (STOKER, 1957; TSUJI et al., 1991) . Significant wave amplification also occurs along underwater canyons, like it was during the 2004 tsunami in the Indian Ocean (IOUALALEN et al., 2007) . In contrast to open and wide bays, the wave dynamics in such narrow geometries (the water depth and the bay width are much smaller than the wave length) has many specific features. The wave flow in the first approximation can be considered as uniform in the cross-section that allow using simplified 1D shallow water equations (STOKER, 1957; TROSHINA, 1994, WU and TIAN, 2000) . The cross-section of these bays is assumed to be U-shaped. This type of bays and canyons is rather common in the nature. For example, Fig. 1 shows the transverse profile of the Sognefjoren fjord in Norway, which has a triangular shape (NESJE et al., 1992) . The bathymetry of the Scripps Canyon in California, which is presented in Fig. 2 , has a quasi-parabolic cross-section (DARTNELL et al., 2007) .
Even for uniform in longitudinal direction channels, it is not easy to find the solution for the nonlinear traveling waves (solitons, cnoidal waves) analytically. This problem requires solving the 2D Laplace equation in cross-section domain with curvilinear boundary (PEREGRINE, 1968; 1969; FENTON, 1973; SHEN and ZHONG, 1981; DAS, 1985; MATHEW and AKYLAS, 1990; TENG and WU, 1992 , 1997 CAPUTO and STEPANYANTS 2003) . At the same time approximation of a rectangular cross-section does not correspond to natural narrow bays, which bottom configuration varies in both longitudinal and transversal directions. The runup of long nonlinear waves in narrow basins of special geometries is analyzed in CHOI et al., 2008) .
Usually the wave propagation in bays with variable bathymetry (bottom slope, curvilinear seawalls) leads to significant reflection and diffraction effects and, as a result, the wave energy can not be transferred over large distances. Meanwhile for certain bathymetry configurations the wave can propagate without internal reflection even in the cases, when the depth varies strongly along the wave path. Such effects have been studied early for 1D wave propagation (CLEMENTS and ROGERS, 1975; DIDENKULOVA et al., 2008; and recently for channels of a parabolic cross-section (DIDENKULOVA and PELINOV-SKY, 2009 ). When applied to a tsunami problem, it means that a destructive tsunami wave can propagate over large distances without reflection and transfers all its energy to the coast that leads to an abnormal wave amplification and runup. That is why the analysis of possibility of such events is extremely important for tsunami forecast and mitigation.
This study is aimed to inspect the existence of traveling waves which can propagate without reflection in the bays, when the depth varies strongly along the wave path, and study the tsunami wave dynamics above such bottom profiles, focusing on processes of wave shoaling and runup. Basic equations of the shallow water theory adapted to the case of tsunami wave propagation along the U-shaped bay of a variable depth in the longitudinal direction are given in Sect. 2. The analogue of the Green's law for wave amplitude in narrow channels is derived in Sect. 3. The existence and properties of traveling waves in such channels with certain variations of water depth along the wave path (''non-reflecting'' depth profiles) is discussed in Sect. 4. Runup of tsunami waves in Ushaped bays is studied in Sect. 5. The main results are summarized in the Sect. 6.
Basic equations
The basic model for long waves is 2D shallow water theory:
where ũ ¼ u; v ð Þ is a vector of depth-averaged velocity,g x; y; t ð Þ is a water displacement,h x; y ð Þ is an unperturbed water depth in the channel, g is a gravity acceleration and t is time.
Let us consider tsunami wave propagation in a Ushaped bay of a geometry shown in Fig. 3 , where h(x) and g(x,t) are an unperturbed water depth and a water displacement along the main axis of the bay and H x; t ð Þ ¼ hðxÞ þ gðx; tÞ is a total water depth. With the use of an assumption of the narrow bay, where a velocity component along the bay is much larger, than a cross-section velocity component v ( u (classical hydraulic approximation), Eq. (1) can be simplified to (STOKER, 1957; ZAHIBO et al., 2006) . I. Didenkulova, E. Pelinovsky Pure Appl. Geophys.
where S(H) is the water cross-section of the bay and u(x, t) is the cross-section averaged flow velocity. Eq. (2) represent the 1D basic nonlinear mathematical model for long water waves in narrow bays.
In our study we assume that the bay has a symmetric transverse profile with the geometry of sidewalls described by the power law z $ y j j m with arbitrary exponent 0 \ m \ ?. In this case S H ð Þ$H mþ1 m and the system (2) can be rewritten for water flow u and total depth H
This system (3) contains a coefficient q ¼ mþ1 m depending on the shape of the bay cross-section 1 \ q \ ?, and this differs from the classical 1D shallow water equations (q = 1), which are usually applied for water waves in the coastal and surf zones. The linearized version of shallow water equations follows from Eq. (3) for g ( h and u (
can be easily reduced to the variable-coefficient wave equation for a water displacement
Equations (3) and (5) can be used as a simplified model for long water waves propagating in the narrow U-shaped bay of arbitrarily varying depth along the wave path.
3. Wave shoaling in U-shaped bays with smoothly varying depth along the wave path
First of all, let us consider the linear wave dynamics in a narrow bay, when the depth varies smoothly with a distance. In this case the asymptotic methods can be used and similar to ) an approximated solution of Eq. (5) can be found. For a monochromatic wave g * exp (ixt) Eq. (5) is the second-order ODE and its solution is sought in the following form
where A(x) and s(x) are real functions (local amplitude and travel time, respectively), which should be determined, and x is the wave frequency. After substituting Eq. (6) into the Eq. (5) we obtain a system for functions A(x) and s(x)
The first two terms in Eq. (7) are relatively small, if the depth varies smoothly along the wave path, and can be neglected, and therefore
The function s(x) here determines the travel time of tsunami wave propagation in the bay. If the x axis is directed offshore (to the left in Fig. 3 ) Eq. (9) corresponds to the wave moving onshore (to the right in Fig. 3 ), for the offshore-going wave we should take the sign ''-'' for s(x). After integrating and using Eq. (9) and (8) 
is expressed in the form
In the case of a plane beach (m ? ?) Eq. (10) represents the well-known Green's law A $ h À1=4 (DINGEMANS, 1997; MEI et al., 2005) , which describes the sea wave shoaling in the coastal zone. Equation (10) can also be obtained from the generalized Green's law A $ h À1=4 B À1=2 for waves in the rectangular channel of variable depth h(x) and width B(x) (MILES, 1979; DINGEMANS, 1997; MEI et al., 2005) , taking into account the characteristic width of a ''power'' channel B $ S=H $ h 1=m : Thus, shoaling effects depend on the shape of the bay and they are stronger for bays with small values of m. For example, in fiords of triangular shape A $ h À3=4 they are sig-
is shown in Fig. 4 with respect to the wave amplitude A 0 at the depth h 0 .
In a similar way from the second equation in Eq. (4) variations of the velocity field, vertically integrated and averaged over the cross-section of the bay, can be found
It follows from Eq. (11) that variations of currents in narrower bays (smaller values of m) are greater.
The obtained approximated solution describes traveling waves with variable amplitude and phase in U-shaped bays of smoothly varied depth along the wave path. The reflection of water waves from the beach is minor and it is less for smaller bottom slopes. Since the reflection of the wave energy in such bottom configuration is negligible, shoaling effects there are significant. Thus, we confirm analytically that narrow bays of decreasing cross-section lead to a strong amplification of tsunami waves at the coast, which is often observed in real conditions.
Traveling waves in U-shaped bays with a arbitrary varying depth along the wave path
An approximated solution obtained in Sect. 3 can also be an exact solution of Eqs. (7) and (8) if wave amplitude A satisfies to the following equation:
which follows from Eq. (7) after substituting Eq. (9). The system of Eqs. (8), (9) and (12) is an overdetermined system for wave amplitude A(x) and travel time s(x). At the same time Eq. (12) can be considered as an equation for unknown longitudinal depth profile h(x) and after integration it gives
Equation (13) together with Eq. (10) gives the depth profile
and wave amplitude
As a result, for a certain bottom profiles (14) the approximated solution coincides with the exact one, which is valid for any values of the bottom slope along the wave path and does not assume a smoothly varying depth. Thus, traveling waves do exist in Ushaped bays [for example, if their cross-section is described by the power law with arbitrary exponent m and the longitudinal component represented by Eq. (14)] and can propagate without reflection and transfer wave energy over large distances.
In the limited case of m ? ?, which corresponds to a channel of rectangular cross-section or a case, when the depth does not depend on y-coordinate, Eq. (14) transforms to h $ x 4=3 ; that coincides with a ''non-reflecting'' bottom profile (CLEMENTS and ROG-ERS, 1975; DIDENKULOVA et al., 2008b; . The exponent in Eq. (14) varies monotonically from 0 (m ? 0) to 4/3 (m ? ?). Thus, bottom profiles in longitudinal direction can be concave (m \ 2), convex (m [ 2), or constant slope (m = 2) depending on the shape of the bay, they are presented in Fig. 5 with respect to the water depth h 0 at the distance L from the shoreline. It can be seen that the difference between depth profiles for bays with m C 1 is relatively small and such profiles can be estimated by a constant slope. At the same time profiles for m \ 1 change significantly especially for m ( 1. Figure 6 demonstrates the shapes of such ''non-reflecting'' absolutely the same as in bays with slowly varying depth along the wave path (Fig. 4) .
Thus, the wide class of bottom topographies of the coastal zone satisfies to the condition of the ''nonreflecting'' propagation which can provide abnormal amplification of tsunami waves at the coast.
Let us discuss the structure of traveling waves in U-shaped bays. Using the solution for a monochromatic wave (6) and Eqs. (14) and (15) the general traveling wave solution can be written as the sum of two progressive waves propagating in opposite directions
where the traveling wave is linear framework the principle of superposition holds and these waves do not interact with each other. An obvious generalization of the existing results is with the use of Fourier analysis to obtain the superposition of such sine waves with different frequencies, the technique obviously being applicable in this linear framework. With the use of the Fourier integral of spectral components (17), the traveling wave of an arbitrary shape can be presented in a general form
where f ± (t) describes the wave shape at a fixed point x = L. An important feature is that representation (18) allows consideration of wave pulses of finite temporal duration being generalized solutions of the wave Eq. (5).
With the use of traveling wave solutions (18) it is possible to analyze long wave dynamics in the basins of ''non-reflecting'' configurations. This approach has been used in ) for study of wave dynamics and runup along a concave beach, when the depth does not depend on y-coordinate. The approach suggested in ) is also valid for all ''non-reflecting'' configurations of narrow U-shaped bays and we do not reproduce it here.
''Non-reflecting'' bay configurations described above are obtained in the framework of the linear theory. In the nonlinear theory the same effects can be found for a particular case of the linearly inclined bay with a parabolic cross-section m = 2 (DIDE-NKULOVA and PELINOVSKY, 2009). The solution of the nonlinear problem in this case can be obtained with the use of the Legendre (hodograph) transformation, which has been very popular for long wave runup on a plane beach (CARRIER and GREENSPAN, 1958; PE-DERSEN and GJEVIK, 1983; SYNOLAKIS, 1987; TADEPALLI and SYNOLAKIS, 1996; LI, 2000; LI and RAICHLEN, 2001; CARRIER et al., 2003 DICKINSON, 2007) and is valid for non-breaking waves. In this case the nonlinear system (3) can be reduced to the linear equation (CHOI et al., 2008; 
Equation (19) has a general solution in a simple form
which represents a superposition of two traveling waves. Thus, the existence of the nonlinear traveling waves in the linearly inclined bay with a parabolic cross-section becomes evident. An example of the nonlinear traveling wave propagating onshore is presented in Fig. 7 qualitatively. The nonlinear traveling wave, when it is far from the shoreline, has a symmetrical shape. As it follows from Eqs. (20)- (22) such wave propagating onshore becomes steeper with distance and always breaks near the shore if the boundary condition of the full absorption is applied. As it has been pointed out in ) the variation of the wave amplitude with distance, which represents the ''nonlinear'' Green's law, differs from the prediction of the linear theory near the shoreline. The negative wave amplitude grows faster than positive Figure 7 Nonlinear traveling wave in the uniformly inclined channel of a parabolic cross-section amplitude in shallow waters, demonstrating the difference in the total depth, which is less under the wave trough than under the wave crest. The travel time of a nonlinear wave is described well by the linear theory. At the same time waves propagating offshore do not break. Tsunami waves, which have a large wavelength, usually reflect from the coast without breaking (MAZOVA et al., 1983) , and in this case the boundary condition of the full reflection should be applied. It is discussed in Sect. 5.
Thus, traveling ''non-reflecting'' waves exist in both linear and nonlinear theories, and therefore, an abnormal amplification of tsunami waves at the coast should be taken into account for evaluation of tsunami risk.
Runup of tsunami waves in U-shaped bays of ''non-reflecting'' configurations
As it has been mentioned above, an existence of traveling waves is especially important for the problem of tsunami wave runup. In this case a tsunami wave can propagate over large distances without reflection and transfer all its energy to the coast that usually leads to abnormal wave amplification on the beach. In this section we study the tsunami wave runup in narrow bays and give estimations for the maximum runup height in such extreme cases. Since tsunami waves are mostly non-breaking (MAZOVA et al., 1983) , the tsunami wave energy should fully or partially reflect from the coast. Here we consider the boundary condition of the full reflection at the shoreline.
Let us study this problem in the framework of the linear shallow water theory first. If the wave approaches the beach from an infinitely remote region, the wave solution of Eq. (5) also satisfying the boundary condition of the full reflection, has the following form:
where f[t ? s(x)] is the shape of an incident wave with an amplitude A 0 approaching the shoreline x = 0 (s = 0) and s represents the time that it takes the wave to propagate from the shoreline to the observation point
With the use of Taylor's series in the vicinity of the shoreline s = 0 in Eqs. (23) and (24), the tsunami wave runup (vertical displacement of the water surface at x = 0) can be found
where s 0 is a travel time from a fixed point x = L (chosen far offshore) to the coastline. Thus, the tsunami wave runup is proportional to the vertical velocity of water particles in the incident wave. If the incident wave has the form of a solitary crest, the water level on the shoreline experiences first runup, followed by rundown. The amplification on the beach and the runup height are determined by the ratio of the travel time s 0 to the wave period (duration) T, that indicates how many tsunami wavelengths fit into the distance to the shore L. Therefore, it is bigger if the bay is longer along the wave path.
For analysis of the influence of the transverse shape-factor m on the travel time and, therefore, on the tsunami runup height, various estimations can be used. One option is to compare the travel time in the bay of a variable depth along the wave path s 0 with the travel time in the bay of constant depth along the wave path L/c 0 (Fig. 8) . It follows from Fig. 8 that tsunami travel time to the shore increases with an increase in the exponent m. For example, for the bay with concave longitudinal projections (m \ 2, Fig. 6a, b) the travel time to the shore is close to the one in a channel of constant depth. If the same wave propagates in the linearly inclined bay of a parabolic cross-section (m = 2, Fig. 6c ), the travel time is twice larger. And for the bay with a convex profile (m [ 2, Fig. 6d ) the travel time can be three times larger in comparison with a channel of constant depth.
Another option is to compare various U-shaped bays of the same length L and the same water depth h 0 at the location where we specify parameters of the incident wave. In this case another parameter can be found
which characterizes the influence of the bay geometry. This parameter [Eq. (26)] has nonmonotonic character regarding exponent m with its minimum at m ¼ 2= ffiffi ffi 5 p % 0:9: It is shown in Fig. 9 . It follows from Eq. (25) that for the same tsunami wave propagating in bays of different geometries the difference in tsunami runup height is defined by the parameter (26). Therefore, we can expand our conclusions made for the parameter (26) to the analysis of the maximum tsunami runup height
where parameter l represents an influence of the bathymetry configuration of the bay. It means, for example, if a tsunami wave propagates along the bay with convex longitudinal projections (m [ 2, Fig. 4d ) the expected maximum tsunami runup grows slowly with an increase in m and it is limited by l \ 6 in Eq. (27) . If the same wave propagates in the inclined narrow bay (m = 2, Fig. 4c) , the expected runup height in Eq. (27) has l & 4.9. At the same time for fjords with concave profiles the situation can be different. For 0.2 \ m \ 2 the maximum tsunami wave runup on a beach still stays in the range of the parameter l \ 6 and has its minimum value l & 4.7 for m ¼ 2= ffiffi ffi 5 p % 0:9; that represents a bay of almost triangular transverse profile (Fig. 4b) , similar to the transverse profile of Sognefjoren fjord in Norway (Fig. 1) . If we continue decreasing the parameter m \ 0.9, that corresponds to the bay of a concave longitudinal profile (Fig. 4a) , the maximum tsunami runup increases. Thus, the largest amplification occurs in bays with the largest deviations from the linearly inclined longitudinal profile of both convex and concave shapes.
As an example, let us calculate the runup height analytically for the case when the incident wave is the solitary wave solution of the Korteweg-de Vries (KdV) equation
The maximum runup heights induced by an approaching solitary wave in narrow bays, resulted from substituting Eq. (28) into Eq. (27), are
As it has been pointed out early, the dependence of the maximum runup height on the transverse shape-factor m has nonmonotonic character. The runup height strongly depends on the amplitude of the soliton and is proportional to A 3=2 0 for any ''nonreflecting'' bottom configuration.
Comparison of this result with the asymptotic formula for runup of a solitary wave on the plane beach (SYNOLAKIS, 1987) R max ¼ 2:8312
is presented in Fig. 10 and 11 for the case, when the ratio h 0 /L, which also represents the bottom slope of a plane beach, is equal to 0.1. It can be seen that maximum runup heights of solitary waves in channels of ''non-reflecting'' configurations are significantly higher than for a plane beach and maximum amplifications are greater. Variations of maximum runup heights for different ''nonreflecting'' bottom configurations regarding transverse shape-factor m reflect the dependence discussed above (Fig. 9) . The largest amplification occurs in the bays with the largest deviations from the linearly inclined longitudinal profile of both convex and concave shapes.
The runup height discussed above is computed in the framework of the linear theory. At the same time in the case of the parabolic bay with linearly inclined bottom profile in longitudinal direction it is possible to find the solution of the nonlinear problem using the Legendre transformation (19)-(22) (see ZAHIBO et al., 2006; CHOI et al., 2008) . The maximum runup height for an incident wave of a soliton-like shape (28) can be found as [see Eq. (27) in CHOI et al. (2008) 1 ]
which coincides with Eq. (29) in the linear theory for m = 2. As it can be expected Eq. (28) gives good estimation of the maximum runup height for bays with non-reflecting bottom configurations, even when we do not have an exact analytical solution of the nonlinear shallow water equations (m = 2). However, in the case of the rigorous nonlinear solution for m = 2 (DIDENKULOVA and PELINOVSKY, 2009) nonlinear effects are manifested in the asymmetry of the vertical displacement of the moving shoreline, but not in the maximum runup height. The same can also be expected for a general case of m = 2.
Conclusions
The shoaling and runup of tsunami waves in narrow bays and underwater canyons is studied analytically in the framework of shallow water theory for different types of bay bathymetries. The cross-section of the bay is assumed to be U-shaped and described by the power law z $ y j j m with 0 \ m \ ? and the longitudinal projection can be arbitrary. Such shape is rather typical for narrow bays, such as fjords, and also for underwater canyons. The processes of wave shoaling in these bays, when the longitudinal bottom profile varies smoothly, are studied with the use of asymptotic approach. The reflection of such waves from the beach is minor and it is less for smaller bottom slopes. At the same time shoaling effects are significant. For bays of any transverse shape-factor m, the variations of wave amplitude are stronger than it is predicted from the classical Green's law h À1=4 À Á and described by h À1=4À1=2m :
Usually tsunami wave propagation in bays with variable bathymetry (bottom slope, curvilinear seawalls) leads to significant reflection and diffraction effects and, as a result, the wave energy can not be transferred over large distances. However, for certain bottom configurations waves can propagate without internal reflection even in the bays of strongly varying depth along the wave path. It is shown here that such traveling (progressive) waves do exist for monotonic longitudinal depth profiles h $ x 4m=ð3mþ2Þ : As a result, such waves transfer all its energy to the coast and cause abnormal wave amplification and runup. Tsunami wave runup in such bays is significantly larger in comparison with a plane beach.
It is important to mention that the expression for the tsunami runup height at the coast is universal for all ''non-reflecting'' configurations. It is determined by the ratio of the travel time to the wave period (duration) that indicates the number of tsunami wavelengths, which fit into the distance to the shore. Since the wave travel time to the shoreline for different ''non-reflecting'' bays is nonmonotonic regarding to the transverse shape-factor m, the maximum tsunami wave height in such bays also has nonmonotonic character regarding to m. The largest amplification occurs in the bays with the largest deviations from the linearly inclined longitudinal profile of both convex and concave shapes.
Characteristic widths of fjords and canyons are usually about a few hundreds meters, while the typical tsunami wave length is about k = 10 km. Therefore, the assumption of narrow bays is valid for tsunami waves. Let us consider the water depth h = 50 m and amplitude of tsunami waves A 0 = 1 m. In this case the parameter of nonlinearity has a weak but finite value A 0 /h = 0.02, while the frequency dispersion parameter h 2 /k 2 = 2.5 9 10 -5 is much smaller than the parameter of nonlinearity that demonstrates that shallow water theory is an adequate model for describing tsunami waves. It is also known that very often tsunami waves climb the beach without breaking, thus described here theory can be applied. It should be noted, that most of the results here are obtained in the framework of the linear shallow water theory. However, we have demonstrated that in the case of a linearly inclined channel with a parabolic cross-section, two analytical solutions for the maximum runup height derived using both linear and nonlinear frameworks, are identical. Therefore, it is expected that obtained formulas can be applied to any basin of the ''non-reflecting'' bottom configuration. Such basins lead to the significant wave amplification and should be taken into account for evaluation of tsunami hazard.
